Within the framework of the QCD sum rules, we consider the three-point correlation function, work at the limit q 2 → 0 and mπ → 0, and pick out the singular term ∼ 1 q 2 to extract the pionic coupling constants of the 1 −+ hybrid meson. Then we calculate the decay widths of different modes. The decay width of the S-wave modes b1π, f1π increases quickly as the hybrid meson mass and decay momentum increase. But for the low mass hybrid meson around 1.6 GeV, the P -wave decay mode ρπ is very important and its width is around 180 MeV, while the widths of ηπ and η ′ π are strongly suppressed. We suggest the experimental search of π1(1600) through the decay chains at BESIII:
1 q 2 to extract the pionic coupling constants of the 1 −+ hybrid meson. Then we calculate the decay widths of different modes. The decay width of the S-wave modes b1π, f1π increases quickly as the hybrid meson mass and decay momentum increase. But for the low mass hybrid meson around 1.6 GeV, the P -wave decay mode ρπ is very important and its width is around 180 MeV, while the widths of ηπ and η ′ π are strongly suppressed. We suggest the experimental search of π1(1600) through the decay chains at BESIII: e + e − → J/ψ(ψ ′ ) → π1 + γ or e + e − → J/ψ(ψ ′ ) → π1 + ρ where the π1 state can be reconstructed through the decay modes π1 → ρπ → π + π − π 0 or π1 → f1(1285)π 0 . It is also interesting to look for π1 using the available BELLE/BABAR data through the process e + e − → γ * → ρπ1, b1π1, γπ1 etc.
I. INTRODUCTION
A hybrid meson state contains one valence quark, one valence anti-quark and one valence gluon [1] [2] [3] [4] , which is in contrast with theqq meson in the conventional quark model. Especially the hybrid states with J P C = 0 −− , 0 +− , 1 −+ , 2 +− , · · · are of particular interests since these exotic quantum numbers arise from the manifest gluon degree of freedom and can not be accessed by theqq meson. Experimental confirmation of the exotic hybrid mesons and glueballs will be a direct test of quantum chromodynamics in the low energy sector. In the past three decades there have been a lot of experimental and theoretical investigations of the hybrid states. However, their nature remains elusive.
Up to now there are three candidates with J P C = 1 −+ : π 1 (1400), π 1 (1600) and π 1 (2000) . According to PDG, their masses and widths are (1376 ± 17, 300 ± 40) MeV, (1653 +18 −15 , 225 +45 −28 ) MeV and (2014 ± 20 ± 16, 230 ± 21 ± 73) MeV [5] . Many collaborations reported evidence of the 1 −+ states such as the CLAS Collaboration, the Crystal Barrel Collaboration, the COMPASS Collaboration, the E862 Collaboration etc.. For example, the π 1 (1400) state was observed in the reactions π − p → ηπ 0 n [6] ,pp → π 0 π 0 η,pn → π − π 0 η [7] , π − p → ηπ − p [8] . The π 1 (1600) state was observed in the reactions π − p → η ′ π − p [9] , π − p → ωπ − π 0 p [10] and π − p → ηπ + π − π − p [11] . The π 1 (2015) meson was observed in the channels π − p → ωπ − π 0 p [10] and π − p → ηπ + π − π − p [11] . Some other recent experimental papers include Refs. [12] [13] [14] [15] . We note that the Ref. [15] studied the π − π − π + final state whose data show a significant production of π 1 (1600) decaying to ρπ. We also note that the existence of π 1 (2015) is still questionable, and it is not included in the most recent PDG 2010 [16] .
There have been many theoretical calculations of the hybrid meson mass in literature [17] [18] [19] [20] [21] [22] [23] . The 1 −+ mass extracted from the quenched lattice QCD simulation ranges from 1.74 GeV [28] and 1.8 GeV [29] to 2 GeV [27] . Among the various phenomenological models, the flux tube model is a popular one. Within this framework the glue degree of freedom is modeled by a semi-classical color flux tube. The hybrid meson with the quantum numbers J P C = 1 −+ was found to be around 1.9 GeV [25, 26] . The mass from constituent gluon model is around 1.93 GeV [30] . Many authors studied the mass of the hybrid meson using the QCD sum rule formalism [31] [32] [33] [34] [35] [36] [37] [38] . In our previous papers, we used the tetraquark currents () to study the 1 −+ mesons using the method of QCD sum rule since both the tetraquark and hybrid interpolating currents may couple to the same states. The extracted mass is around 1.6 GeV and 2 GeV, quite close to the π 1 (1600) and π 1 (2000) [39, 40] .
To learn more about the hybrid states, it is equally important to study their decay properties besides their mass spectrum. In the flux tube model, a hybrid meson decays as the flux tube breaks. The " 3 P 0 pair creation" mechanism is introduced to create a quark-antiquark pair with S = 1, L = 1 and total angular momentum J = 0. With this assumption, the lowest-lying hybrid state with J P C = 1 −+ cannot decay into two ground states, such as ππ, πη and πρ, etc in the original flux tube model [41] . Later some authors modified this phenomenological model further with the introduction of a new decay vertex in order to study the hybrid meson decay process [42, 43] . With this modification, the contribution of the P -wave decay mode ρπ is not negligible. There are also other theoretical approaches on the decay, photo-and electro-production of the 1 −+ hybrid meson [35, [44] [45] [46] [47] [48] [49] [50] [51] [52] . In literature, the three-point correlation function was invoked to discuss the decay width of the modes ρπ, ηπ etc [35, 45] , where the sum rules were derived at the symmetric point
Later, the light cone QCD sum rules was employed to calculate the decays of the hybrid mesons by one of the present authors [46, 47] .
In order to perform a systematical study of the 1 −+ hybrid meson we use a different formalism within the framework of QCD sum rule in this paper, which was first developed in Ref. [53] . After calculating the three-point correlation functions using the method of operator product expansion, we ignore the small pion mass term m 2 π in the denominator and pick out the divergent term 1 q 2 in the limit q 2 → 0 where q is the pion momentum. After comparing the singular term 1 q 2 of the three-point correlation function both at the phenomenological and quark-gluon level, we make Borel transformation of the variables p 2 , p ′ 2 = (p + q) 2 , and extract the coupling constants (such as g ρπ ). Then we calculate the decay widths of both the isovector hybrid states π 1 of I G J P C = 1 − 1 −+ and the isoscalar ones σ 1 of
The non-vanishing decay modes include π 1 → ρπ, ηπ, η ′ π, b 1 π, f 1 π, and σ 1 → ηη ′ , a 1 π, f 1 η, etc. Our paper is separated into several sections according to the different decay modes. In Sec. II, we study the decay mode π 1 → ρπ. In Sec. III, we study the decay modes π 1 → ηπ and η ′ π. In Se. IV, we study the decay mode π 1 → b 1 π using the derivative current. In Sec V, we study the decay mode π 1 → f 1 π. In Sec VI, we extend the same formalism to study the isoscalar hybrid state with I G J P C = 0 + 1 −+ . Sec. VII is the summary. In Appendix A, we study the decay mode π 1 → b 1 π, using the tensor current for b 1 .
II. THE DECAY MODE π1 → ρπ

A. Three-Point Correlation Function
For the past decades QCD sum rule has proven to be a very powerful and successful non-perturbative method [56, 57] . In the usual QCD sum rule, we consider the two-point correlation function in order to extract the hadron masses. In this paper we consider the three-point correlation functions in order to study the decay properties of hadrons:
The hybrid state π 1 has several decay modes, such as ρπ, f 1 (1285)π, b 1 (1235)π etc.. So we need calculate several three-point correlation functions. The procedures are more or less the same. In this section we study the decay mode π 1 → ρπ. First we show the three currents used in our calculation. The hybrid current with J P C = 1 −+ is:
where the summation is taken over repeated indices (µ, ν, · · · for Lorentz indices, and a, b, · · · for color indices). The hybrid state π 1 is an isovector state. We study the neutral one, whose quark configurations are (ūu −dd)g:
and it couples to π 1 (1600) through
For the ρ meson, we use the vector current
1 → ρ − π + , and we can obtain the same result for π
To simplify our calculation, we work at the massless pion pole. Such a formalism was first applied to calculate the pion nucleon coupling constants very successfully decades ago [53] [54] [55] 57] . Later the same formalism was employed to discuss various pionic couplings [58] . We first take the small π mass in the denominator to be zero. Then we work at the limit q 2 → 0. T
ρπ(PH) µν
is divergent at q 2 = 0 up to the order of (q 2 ) −1 . Therefore, we will also choose such divergent terms at the QCD side in the next subsection.
B. Operator Product Expansion
In the previous subsection we have obtained the expression of the three-point correlation function at the phenomenological side. In this subsection we will calculate this at the QCD side using the method of operator product expansion (OPE). To do this, first we insert the three currents into the three-point correlation function. After doing the Wick contractions we obtain:
Inside this expression, S u and S d are the quark propagators for up and down quark, respectively. In the presence of quark and gluon condensates their expressions are:
where the masses of up and down quarks have been neglected already. The OPE calculation is largely simplified when we work at the pion pole and only choose the terms divergent at the q 2 → 0 limit:
We note here that the tri-gluon condensate g For the decay mode ρπ, we employ the first type of Borel transformation. We compare Eqs. (9) and (13), assume p 2 = p ′2 and perform the Borel transformation once,
Using this equation, the coupling constant g ρπ can be calculated as a function of M B , as shown in Fig. 1 . The result is around 4 GeV −1 . The formula of the decay width reads
where q π is the momentum of the final state π:
The decay width of π 1 → ρπ is around 180 MeV.
In this section we study the decay modes π 1 → ηπ and π 1 → η ′ π. The interpolating current for the η meson is
where the mixing angle is θ P = −17
• [69] , and it couples to η through
The SU (3) octet and singlet currents in Eq. (19) are
The interpolating current for the η ′ meson is
and it couples to η ′ through
The three-point correlation function for the decay mode π 1 → ηπ is:
, where the coupling constants g 
In order to calculate the three-point correlation function T
ηπ(PH) µ
at the QCD side, once again we work at the pion pole and only choose the terms divergent at the q 2 → 0 limit at the quark and gluon level. When q 2 → 0, we obtain
In the calculations, we have used the following equation [67] 
We find that only when i j, the term
is divergent at q 2 → 0 (it is up to the order of (q 2 ) j−i−1 ).
B. Numerical Analysis
To perform the numerical analysis, we use the following values [65] 
There are two independent Lorentz structures, q µ and p ′ µ . We will use both of them to perform the QCD sum rule analysis.
Lorentz structure qµ
First we choose the Lorentz structure q µ . If we perform the Borel transformation once, the condensate g 2 s GG vanishes, and only the condensate g 3 s f GGG survives. Consequently, the coupling constants g ηπ is tiny. If we perform the Borel transformation twice, the condensate g 2 s GG does not vanish, and we obtain
Using Eq. (29) 
the decay width of π 1 → ηπ is around 0.9 MeV, and the one of π 1 → η ′ π is about 0.1 MeV.
Lorentz structure p ′ µ
Next we move on to the Lorentz structure p ′ µ . After performing the Borel transformation twice, we obtain
However, the condensate g In this section we study the decay mode π 1 → b 1 (1235)π. For the b 1 (1235) meson, we use the following current
and it couples to b 1 (1235) through [57] 
Then we can write down the three-point correlation function at the phenomenological side:
This is for the decay mode π 
Once again, the OPE calculation is largely simplified when we work at the pion pole and only choose those divergent terms at q 2 → 0. When q 2 → 0, we obtain
We note that we do not include the higher order α s corrections such as α s g 2 s GG , etc.
B. Numerical Analysis
For numerical analysis we use the following values:
where f b1 is obtained by using Eq. (A.20) in Ref. [57] when assuming m b1 = 1235 MeV.
In order to solve all the five coupling constants g S b1π and g
, we need to find five equations. Comparing Eqs. (34) and (37), we find there are just five Lorentz structures which can be used to obtain five equations and solve these coupling constants. They are g µν , p ′ µ p ν , q µ p ν , p ′ µ q ν , and q µ q ν . Among them, p ′ µ q ν and q µ q ν lead to the OPEs which are much larger than those obtained using others. Consequently, g are also much larger than other coupling constants. Using this fact we can simply our calculations a lot.
Lorentz Structure gµν
First we choose the Lorentz Structure g µν . After performing the Borel transformation once, we obtain
We find that the OPE part only contains the condensate g 3 s f GGG , and so the numerical result turns out to be quite small. Therefore, we will only keep g µν term and omit other terms coming from
to simply our calculation. The three-point correlation function (34) becomes
Using this three-point correlation function, we will show in the next subsection that g In this subsection we choose the Lorentz structure q µ p ′ ν . After performing the Borel transformation twice, we obtain
In Fig. 3 we show the coupling constant g 
Lorentz Structure qµqν
In this subsection we choose the Lorentz structure q µ q ν . After performing the Borel transformation once, we obtain
We can also perform the Borel transformation twice, and then obtain
The quantity g
is a function of the Borel mass, as shown in Fig. 4 . The left and right figures are obtained using Eqs. (43) and (44), respectively. We obtain that g (43) and (44), respectively. The Lorentz structure is qµqν .
C. Decay Width
The decay width of π 1 → b 1 π reads:
where g S′ b1π is defined as
The decay width of π 1 → b 1 π is around 3 MeV.
V. THE DECAY MODE π1 → f1(1285)π
A. Three-Point Correlation Function
In this section we study the decay mode π 1 → f 1 (1285)π. The isoscalar axial-vector current for f 1 (1285) is
and it couples to f 1 (1285) through [57] 
Then we can write down the three-point correlation function for the decay mode π 1 → f 1 (1285)π:
We note here that the current j f1 µ can also couple to the pseudoscalar meson η and η ′ through
Now the three-point correlation function is:
We note that the α s correction vanishes in this case.
B. Numerical Analysis
We use the following values to perform the numerical analysis [57] :
where f f1 is obtained using the sum rules Eq. (4.52) in Ref. [57] when assuming m f1 = 1285 MeV. Comparing Eqs. (34) and (37), we find several Lorentz structures, and we can obtain several different QCD sum rules. They are g µν , p ′ µ p ν , q µ p ν , p ′ µ q ν , and q µ q ν .
Lorentz Structure gµν
First we choose the Lorentz structure g µν . After performing the Borel transformation once, we obtain
Here the dominant condensate g sq σGq vanishes after the Borel transformation, and so the coupling constant g S f1π is calculated to be around 0.05 GeV, which is much smaller than g D 3 and g D 4 which we will study in the following subsections. So we are in the same situation as the previous section. Similarly we omit some small terms, and the three-point correlation function (54) is simplified to be In this subsection we choose the Lorentz structure p ′ µ q ν . After performing the Borel transformation once, we obtain
The coupling constant g 
Lorentz Structures qµqν
The coupling constant g D 4 is a function of M B , as shown in Fig. 6 . The result is around 7 GeV −1 .
C. Decay Width
To calculate the decay width of π 1 → f 1 π, we similarly introduce The decay width reads
Here (65) mainly comes from the S-wave decay, (66) and (67) The decay width of π 1 → f 1 π is around 24 MeV. Finally we want to note two important facts here. First, all the three Lorentz structures g µν , q µ q ν and p ′ µ q ν which lead to non-zero coupling constants are not contaminated by the other decay mode ηπ, as shown in Eq. (56) . Secondly, from Eq. (57) we find that all these three different Lorentz structures contain the condensate g sq σGq , the dominant one. However, for the Lorentz structure g µν , it vanishes after the Borel transformation. So the obtained g 
VI. ISOSCALAR HYBRID
In this section, we turn to study the decay modes of the isoscalar hybrid state σ 1 with the quantum numbers I G J P C = 0 + 1 −+ . Now the S-wave decay modes are a 1 (1260)π and f 1 (1285)η, etc., while the P -wave decay modes are ηη ′ , etc. The interpolating current for σ 1 is
and it couples to the isoscalar hybrid state σ 1 through
The QCD sum rule leads to the following relations
From these relations, the decay width of σ 1 → a 1 (1260)π , f 1 (1285)η , and ηη ′ can be easily obtained. For example, with m σ1 = 2.0 GeV and f σ1 = 0.013 GeV, m a1 = 1.26 GeV, f a1 = 0.17 GeV, the decay width of σ 1 → a 1 (1260)π , f 1 (1285)η , and ηη ′ are around 770 MeV, 74 MeV and 0.3 MeV, respectively.
VII. SUMMARY
We have studied the decay properties of the hybrid states with J P C = 1 −+ using the method of QCD sum rule. We have used the three-point correlation functions to extract the coupling constants, and then calculated the relevant decay widths. We work at the pion pole. First we take the π mass in the denominator to be zero. Then we work at the limit q 2 → 0 and pick out the divergent terms only. Such a procedure simplifies the calculation greatly at the cost of throwing away all the finite pieces. We have calculated the decay widths of both the isovector hybrid state π 1 with I G J P C = 1 − 1 −+ and isoscalar one σ 1 with I G J P C = 0 + 1 −+ . The present three-point correlation function formalism works well for the decay processes π 1 → ρπ, π 1 → ηπ and π 1 → η ′ π where the Lorentz structures are relatively simple. We have also discussed the modes b 1 π, f 1 π. These two decay modes are complicated by the many Lorentz structures in the three-point correlation function, possible mixing between the S-wave and D-wave decay patterns, and possible contamination from other decay modes such as ρπ. We illustrate the variation of the decay width with the hybrid meson mass in Table I . The S-wave decay width of the b 1 π, f 1 π modes increases very quickly as the hybrid meson mass and decay momentum increase. But for the low mass hybrid meson around 1.6 GeV, the ρπ mode is one of the dominant decay modes.
For the 1 −+ state π 1 (1600), the decay widths of π 1 → ρπ, π 1 → ηπ and π 1 → η ′ π are around 180 MeV, 0.9 MeV and 0.1 MeV, respectively. The modes ηπ, η ′ π are strongly suppressed compared with the ρπ mode. Moreover, the ρπ mode is one of the dominant decay modes of the π 1 (1600), which is in strong contrast with predictions from some phenomenological models.
In this paper we use the hybrid currents to study these hybrid states. We can also use the tetraquark currents which may also couple to these 1 −+ states. We have used such currents to study their masses, and found their possible decay modes through Fierz transformation [39, 40] . We plan to study their decay properties like their decay widths etc in the future. This might be useful to know the internal structure of the 1 −+ states. We suggest the experimental search of π 1 (1600) through the decay chains at BESIII: e + e − → J/ψ(ψ ′ ) → π 1 + γ or e + e − → J/ψ(ψ ′ ) → π 1 + ρ where the π 1 state can be reconstructed through the decay modes π 1 → ρπ → π + π − π 0 or π 1 → f 1 (1285)π 0 . More details of possible experimental search at BESIII can be found in Ref. [70] . It is also interesting to look for π 1 using the available BELLE/BABAR data through the process e + e − → γ * → ρπ 1 , b 1 π 1 , γπ 1 etc. Hopefully our result will be helpful to the experimental identification of the 1 −+ state. 
Numerical Analysis
In the numerical analysis, we use the following value [68] :
The leading Lorentz structure ǫ µρσα p ′α appears in the S-wave decay. Both ρπ and b 1 π modes contribute to this structure. If we naively assume that only the b 1 π mode contributes, we obtain after performing the Borel transformation once
We can also perform the Borel transformation twice, and then obtain 
Using Eqs. (A10) and (A11) we can perform the numerical analysis. The extracted g S b1π is around 0.5 GeV as shown in Fig. 7 , which is significantly larger than our previous result. We do not use this value to calculate the decay width since we are unable to subtract the contamination from the decay mode ρπ very cleanly. One may use the extracted ρπ coupling constant in the previous sections as input and subtract such contribution from the sum rule derived using the tensor current. However, such an approach is very crude with large uncertainty. 
